A key and long standing question regarding the function of photosynthetic systems concerns the advantages that delocalized electronic excitations and their coherent dynamics could offer to robust and efficient energy transfer within and between photosynthetic light-harvesting complexes. Here we discuss how the framework of entanglement can be used to characterize the strength and spatial distribution of electronic coherences in biomolecular aggregates, why this is interesting, and how one can go about investigating possible relations between non-vanishing electronic coherences and efficient excitation transfer from donors to acceptors. As an example we discuss how certain coherences may correlate to efficient energy transfer in the Fenna-Mathews-Olson complex. Perspectives about understanding advantages of coherence-assisted energy transfer are discussed.
Introduction
Electronic excitation energy transfer is ubiquitous in a variety of multichromophoric systems and has been a subject of numerous investigations in the last century. Components of the photosynthetic apparatus of different organisms have provided exquisite prototypes for these studies [1, 2] . Recently, sophisticated experimental work have been developed with the purpose of attaining a more detailed picture of the coherent and incoherent quantum phenomena relevant to excitation dynamics in a variety of molecular aggregates [3] [4] [5] [6] [7] [8] [9] . In particular, there is now evidence of oscillatory evolution of exciton superpositions in light-harvesting complexes isolated from green sulphur bacteria [3, 8] and marine algae [7] . There is thus a boosted interest in understanding the advantages of processes whereby an electronic excitation oscillates back and forth between different locations instead of excitation 'hopping around'. And if the alternative is nothing but 'to hop' (e.g. long-time dynamics), the advantages that it offers to do so by keeping track of collective behaviour among the molecular components (e.g. hopping between collective exciton states) rather than by hopping between individual pigments with no trace of quantum correlations at all (e.g. Förster process) [10, 11] .
The interest in understanding both the conditions under which coherent exciton dynamics can be expected and the role of such oscillatory dynamics in efficient energy transfer has generated a large amount of theoretical work (for a recent review see Ref. [12] ). A variety of aspects have been investigated including the role of exciton symmetry and delocalization [13] , the effects of spatially correlated fluctuations [14, 15] , the interplay of coherent and incoherent dynamics needed to produce high efficient transport within single protein complexes [16] [17] [18] , the conditions under which optimization of efficiency is achieved [19] , as well as more general theoretical aspects of excitation dynamics in regimes outside the standard approximations [20] [21] [22] .
The experimental evidence of coherence oscillations in biomolecular aggregates has also motivated a new trend of theoretical studies on excitation energy transfer from a Quantum Information Science perspective [23] [24] [25] [26] [27] [28] [29] . An intriguing question that can be addressed from this viewpoint is whether long-range and/or multipartite correlations play an important role in guaranteeing a efficient energy transfer or whether such correlations are just consequence of the quantum dynamics with no specific quantitative relation to efficient transport? The entanglement framework can also provide an interesting tool for characterizing the real-space distribution of electronic coherences and its time evolution, complementing the usual approach to describe exciton coherence by an average delocalization length [30] [31] [32] [33] .
Here we discuss our recent efforts to understand possible relations between electronic coherences and the transfer efficiency of a light harvesting complex [25] . The focus of our study are electronic coherence present in the system at times when excitation trapping is likely. The prototype system here considered is the Fenna-Mathews-Olson complex (FMO) found in green sulphur bacteria [3, 8] . No clear quantitative links between the total average coherence and the quantum efficiency were obtained. However, our analyses highlight the possible detrimental or positive effect that coherences among different parties could have on efficient transport. In particular, our results indicate that while coherence between pigments acting as excitation donors could be detrimental to efficient transport, multipartite correlations involving the central pigment in the complex can correlate positively to high efficiency.
Sharing of electronic excitation in multicromophoric systems
The following hamiltonian describes the electronic degrees of freedom of a multichromophoric system with N pigments and their interaction with the intramolecular and protein vibrations.
where the total bare Hamiltonian is given by H 0 = N n=1 n σ + n σ − n + nk ω nk b † nk b nk and the intermolecular electronic coupling and electronic-bath interaction are described by
Here σ +(−) n is the creation (annihilation) operator of an excitation at site n, while b † nk and b nk are respectively the boson creation and annihilation operators for the vibrational mode k of the nth site with frequency ω nk . The ratio between molecular energy differences | n − m | and the magnitude of their electronic coupling V nm defines the localized or delocalized character of excited electronic states of H 0 +H el , while the magnitude of the intermolecular electronic coupling relative to the coupling of each molecule to the phonon bath (quantified by the spectral density of the couplings g nk ) determines the competition between electronic resonance and phonon-assisted transfer. This competition then dictates whether the excited state dynamics and its associated energy transfer are quantum-mechanically coherent or for all intents and purposes incoherent.
Förster energy transfer between molecular sites and Redfield-type exciton relaxation are two well characterized limiting cases of excited stated dynamics described by Eq. (1). Second order perturbation with respect to H el , valid when electronic coupling is weak and vibronic induced relaxation dominates leads to the Förster description of energy transfer, while perturbative treatments with respect to H el−b , valid when excitation is weakly coupled to the bath degrees of freedom, define the regime of exciton relaxation described by theories such as Redfield. The current theoretical challenge is a description of phenomena relevant for the intermediate regime and a theory that properly interpolates between these two limiting cases. Important efforts have been made in that direction [20] [21] [22] . In what follows we would like to point out key distinctions that highlight the quantum features we are interested in.
Coherent and Incoherent quantum-sharing of excitation
Coherent evolution implies oscillatory dynamics of interferences between electronic eigenstates. Such dynamical evolution can be described by a quantum master equation, in contrast to incoherent dynamics whose mathematical description is given by a Pauli master equation of populations in an appropriate basis of states. Notice that the state space in which such an incoherent, hopping-like process occurs can be defined by delocalized excitonic states. Clearly, whether a quantum dynamics is coherent does not depend on the basis we chose to represent the system's state (molecular or eigenstates basis). Oscillatory behaviour of off-diagonal elements in the eigenstate basis simply transform into multiple-frequency oscillations of coherences and populations in the molecular (site) basis. The choice of basis depends on the phenomena of interest and the measurements that can be performed.
An implication of persistent coherent quantum dynamics is that the quantum-mechanical phase memory of the initial state of the excitation is preserved. Under coherent evolution an initial coherent superposition of exciton states evolves, preserving original phase relationships and exhibiting well-defined oscillations of the off-diagonal elements of the density matrix (in the original exciton basis). Therefore, in the presence of lasting coherent dynamics, quantum properties of the initial state can influence energy transfer pathways and efficiencies. We have illustrated such an effect happening in a model system mimicking the core complex found in purple bacteria [13, 14] . A conclusion of our work is that the way in which different initial states are distinguished can provide information not just on the strength of coherent dynamics but also on the environmental correlations that may be at play.
Approach to thermal equilibrium
The competition between electronic interaction and coupling to the phonon bath also dictates the way thermal equilibrium is approached after photo-excitation. In the Förster limit and neglecting exciton recombination or exciton trapping, long-time dynamics satisfies detailed balance between populations in the molecular site basis. In contrast, when electronic excitation is weakly coupled to the phonon bath, the equilibrium distribution is achieved among populations of delocalized excitonics eigenstates as predicted by theories such as Lindblad [34] . In the intermediate regime the system evolves towards a thermal state that is non-diagonal neither in the original eigenstate basis nor in the site basis, indicating that equilibrium is achieved among dressed delocalized states that preserve characteristic collective beahaviour. Indeed, a thorough understanding of the approach to thermal equilibrium as the exciton-phonon coupling is varied may prove particularly important to unravel the advantages of quantum sharing of electronic excitation.
In disordered systems, where eigenstates of the H 0 + H el are already very much localized, the thermal equilibrium distribution in the regime of weak system-bath coupling will be very similar to the distribution that it would have if the system was instead in the Förster limit -the thermal population of energy states will depend mostly on the molecular energy differences and temperature. However, the route to the thermal equilibrium is different in each case. In both situations a description in the site basis is suitable, though in the weak-coupling case, site populations and site-tosite coherences are coupled (even if not too strongly). Can such coherence-population transfer provide a route for speeding-up relaxation towards lowest energy states as discussed in [35] ?
Quantum and classical sharing of excitation
The above discussion leads to idea that quantum-sharing of excitation (whether through coherent or incoherent dynamics) implies that the probability of finding a site m excited depends not only on the populations of other sites, but also on the coherences (and therefore correlations) between site m and other sites in the molecular complex. With this distinction in mind it is convenient to represent dynamics of a single excitation with the density matrix ρ(t) as:
where |m = |0..1 m ....0 denotes the state with the excitation on site m and all other chromophores (sites) in the ground state, a mn (t) describes the populations (m = n) and coherences (m n) in the site basis, which from now on we refer to as electronic coherences. In brief, quantum-sharing implies a dynamics in which site-to-site electronic coherences are non vanishing (i.e. a mn (t) 0) and populations and coherences in the molecular basis are coupled. In this context, a "classical" sharing will be understood as the situation in which all site-to-site correlations can be neglected at all times such as it happens in the Förster limit of energy transfer.
As it will be discussed in the next section, the distinction between classical and quantum sharing has motivated the use of entanglement measures. In this perspective we can rephrase our motivating question as:
What advantages does it offer to share excitation in a quantum fashion, that is, by keeping track of site-tosite coherences over a process in which such quantum correlations can be neglected at all times?
Measures of quantum-sharing and entanglement
Characterization of the exciton coherence length was greatly motivated by the experimental evidence that excitation dynamics deviated from excitation hopping in LH2 complexes isolated from purple bacteria [30, 36] . As a side note here, the hypothesis is then that there must be a time scale in which the dynamics in LH2 is coherent as predicted by theoretical works [37] , though so far its experimental confirmation has been elusive. Several measures were compared to estimate the average lengh-scale of delocalization of the thermalized exciton in LH2, which was found to be about 3 to 4 sites [30, 33, 36] .
The interest in a length-scale of electronic coherence was inspired by the fact that delocalization length is a good measure of coherence in one dimensional molecular aggregates. However, as pointed out in Ref. [33] "higher dimensionalities or fractal structures necessitate a broader definition of an exciton delocalization domain". Several authors proposed measures that considered ρ(t) as ensemble distribution of pure excitonic states of a disordered system [31, 32] . Here we would like to bring the attention to two of such measures which have some relations to the entanglement measures recently used to investigate coherence properties of excitation in biomolecular complexes as it will be discussed below. One is the inverse participation ratio [31] :
Another measure is the quantity proposed by Kühn and Sudström [32] , which defines the exciton delocalization length as the full width half-maximum of the distribution function
However, when considering the dynamics of ρ(t) under an interplay of coherent and incoherent processes, an average of correlated sites may overshadow interesting subtleties of the way electronic coherences are distributed in space and time. For instance, far apart molecular sites may have non vanishing correlations even if the average coherence length is much smaller than the system's size. Hence, it seems interesting to characterize not only an average length but also the real space distribution and strength of the electronic coherence associated to ρ(t). Such characterization will in turn quantify a distinction of ρ(t) from a classical ensemble for which a mn (t) = 0 for m n. It is in this context that the framework of entanglement and quantum correlations can prove particularly useful.
Quantum superpositions of the states of a composite system give rise to coherence and entanglement.Yet, these two phenomena are in general not the same. While quantum coherence is generally associated with interference of probability amplitudes, entanglement refers to non-classical correlations between distinguishable modes or subsystems of a multipartite complex [38, 39] . However, it has been discussed that in settings where the system's quantum evolution is restricted to a subspace with zero-and one-electronic excitation, the presence of electronic coherence guarantees the existence of entanglement [23] [24] [25] .
Sarovar and co-workers derived a measure for the global entanglement content of ρ(t) by computing the relative entropy with respect to a set of separable states (i.e. a mn (t) = 0 for m n) and investigated entanglement distribution in the FMO complex [23] . Caruso and co-workers used the logarithmic negativity to investigate total entanglement content and entanglement across different bipartitions in FMO as well [24] . In reference [25] , we quantified the entanglement of ρ(t) by the sum of bipartite contributions as measured by the tangle [45] suggest that an excitation initially localized on the pair 5-6 is most likely transfered to the pair 3-4 via site 7, and that an excitation initially on the pair 1-2 is likely to be directly transferred to 3-4. However, the path 1-2 to 7 to 3-4 is also probable. Time-evolution of entanglement of site 7 with the rest of the chromophores (E 7,rest ) and the trapping probability density (ω RC ) for initial states (a) |1 and (b) |6 with T = 293 K and E r = 35 cm −1 . In both cases, E 7,rest (t) has a maximum at times when excitation is most likely to be trapped i.e. when ω RC (t) also has a maximum. This suggests that a large value of electronic coherence of site 7 with the rest goes along with successful transfer from donors to acceptors (see figure 2 ).
The use of this measure was motivated by being one that captures shareability relations of entanglement in a multipartite setting [40] [41] [42] . Contrary to classical states, entangled states cannot be freely shared among many parties, and therefore, the amount of quantum correlations that exist between two subsystems limits strongly the amount of entanglement they can share with a third party [40] [41] [42] .
Whether this sophisticated approach to quantify coherences and quantum correlations will help us to understand the role of such quantum phenomena in the biological function of light-harvesting systems is open to discussion. In the next section we describe some of our efforts to understand possible relations between efficient transfer and the electronic coherences associated to ρ(t).
Quantum efficiency and quantum correlations
One of the figures of merit to assess how well a photosynthetic complex functions is its quantum efficiency [43] . The quantum efficiency η measures the total probability that an excitation is effectively delivered from donors (sites that were originally excited) to effective acceptors where excitation can be 'trapped' e.g. by generating charge separation as it happens in a photosynthetic reaction centre (RC), instead of excitation being radiatively dissipated [13] :
where ω RC (t) ≡ m κ m m|ρ(t)|m is the probability density that the excitation is transferred from any of the sites to the trapping center with κ m being the trapping rate at site m. In the case of the FMO complex, we have assumed that exciton decay happens at a rate Γ = 1 ns −1 , equal at all sites, and that site 3 traps at rate of κ = 1 ns −1 . Notice that for an individual complex with no trapping center and considering that fluorescence happens in a time scale much larger than exciton relaxation, one can simply assess the energy transfer performance by investigating the time scale in which acceptor states are populated [44] . Now, the question of interest is:
if electronic coherences are present, can we establish quantitative links between efficient transfer and the average coherence associated to ρ(t)? In order to explore such quantitative relationships, in reference [25] we proposed to consider the average of entanglement at times when excitation trapping is likely. Formally, this corresponds to the average entanglement associated to the waiting time distribution defined by ω RC (t):
We defined this weighted average as "entanglement yield" but this does not necessarily denote a beneficial entanglement, in terms of efficiency (at least not always). Therefore, to avoid confusion we will denote here φ E simply as the average entanglement. Different from previous studies [23, 24] , this time-average quantifies quantum correlations that are present in a time scale of biological relevance, that is the the average transfer time (t f ):
In reference [25] , we investigated possible relations between different entanglement partitions and their time-averages given by Eq. (9), and quantum efficiencies of the FMO protein, under the assumption of weak system-bath coupling.
No clear quantitative links between the total average entanglement and the quantum efficiency could be obtained. However, when comparing different contributions to such total average, we found that they nicely capture the distribution of entanglement among the FMO molecular sites depending on the different transfer pathways. For example, the average entanglement of mediator site 7 and the rest is always larger for the case when the excitation is initially localized on site 6 than for the initial state at site 1, consistent with the fact that energy migration from site 6 is largely mediated by site 7, the central site in the complex (see Fig. 1 ). Another interesting finding or our work is that, for a wide range of system-bath couplings, the average entanglement between the pairs 1 − 2 and 5 − 6 denoted as donors i.e. E DD = τ 1,5 + τ 1,6 + τ 2,5 + τ 2,6 , correlates in general to inefficient transfer. This means that when comparing two different initial states, the state exhibiting a higher quantum efficiency is associated to a lower average of donordonor entanglement. These results suggest that E DD is detrimental to efficient transfer and naturally raise the question of whether, on the contrary, entanglement among other pigments may have a positive correlation with the quantum efficiency.
Our results indicate that how other entanglement partitions correlate to the quantum efficiency depends on the system bath coupling. In particular, for physiologically relevant values of bath-reorganization energies (between 20 cm −1 and 35 cm −1 ) electronic coherences involving the mediator site 7, correlate with efficient transfer. Quantum correlations between site 7 and the rest of pigments in the complex are quantified by E 7,rest ≡ i 7 τ 7,i and its associated time-average φ E 7,rest is calculated according to Eq. (9). In figure 1 we compare the evolution of E 7,rest (t) and the trapping probability ω RC (t) for initial states where excitation is localized either in site 1 (i.e.|1 ) or in site 6 (i.e. |6 ). In both situations correlations of site 7 have a local maximum at times when excitation is most likely to be trapped (picosecond time scale), indicating that efficient trapping of excitation is accompanied by raising correlations between site 7 and the rest. To investigate this further we consider the temperature dependence of the average entanglement φ E 7,rest as shown in figure 2 . For a given temperature, the quantum efficiency of |6 is larger than of |1 and larger efficiencies are associated to larger values of φ 7,rest . Most importantly, for state |1 , both η and φ 7,rest have a maximum at T 200 K indicating that optimization of efficiency with temperature is accompanied by an optimization of the average entanglement φ 7,rest . Such optimization of efficiency with temperature has also been predicted within the context of more elaborated theories than the simple weak-coupling approximation here considered [19] . This suggests that for conditions relevant for the operation of FMO, multipartite electronic coherences of site 7 with the remaining chromophores may indeed correlate positively with efficient transfer. To assess the relevance of coherent dynamics in this phenomena we have compared these entanglement averages with those obtained when the dynamics is solely given by incoherent thermal relaxation among exciton eigenstates i.e. ρ(t) = α c α (t)|ψ α ψ α | with {|ψ α } being the set excitonic eigenstates of the Hamiltonian describing the electronic degrees of freedom in FMO. The results are presented in figure 2 (b) (black dotted lines) and indicate that, as expected, the raise in the entanglement of site 7 in the picosecond time scale (figure 1) is dominated by population of eigenstates which have a large participation of site 7, and therefore the average entanglement quantified here (figure 2 (b)) does not come from superpositions between excitonic eigentstates.
In summary, we have illustrated how the framework of entanglement can be used to investigate the spatial distribution of electronic coherences and the possible positive or detrimental relations of different multipartite correlations to efficient transfer. Here we would like to point out a discussion. Although the entanglement measure used in this article captures how sites are correlated, it does not distinguish whether their associated interference is destructive or constructive, and it may be that it is the constructive or destructive character of the interferences what benefits efficient transfer. For instance, in Ref. [13] we showed that when only coherent dynamics and static disorder are at play, interference properties affect significantly the probability of trapping. We also showed that such interference distinctions can also be relevant when dynamic disorder is present [14] . This suggest that if coherences are present, efficient energy transfer may be associated to a dynamics that distinguishes both the destructive or constructive character of the interferences between sites and the quantum correlations captured by entanglement.
Perspectives
Advantages of coherence and correlations in energy transfer. One of the roles conjectured for coherent exciton dynamics in light harvesting components is a possible speed-up in the search for the lowest energy state [3] . That could indeed be the case. Not in terms of a Grover search [46] as originally speculated, but perhaps in terms of coherence-assisted relaxation as observed in situations where coherences and populatiosn are coupled and quantum dynamics is non-ergodic [35] . Furthermore, it is also known that the structure and arrangement of antenna complexes are not solely optimized for fast transfer but also incorporate the ability to modulate their function under different environmental conditions. A question of interest is then whether coherence-assited energy transfer could offer an advantage under fluctuations of external parameters such as illumination or temperature. Even if is small, fine quantum tuning of the energy transfer process can be part of the "lessons learnt" by an evolved and adapted pigment-protein complex.
Experimental characterization of other quantum dynamics involved. The two-dimensional photon echo experiments have proved to be powerful in measuring coherence oscillations during excited state dynamics. Can this technique be extended and/or modified to obtain experimental signatures of other quantum processes such as coherence to populations transfer? What other experimental approaches would be necessary to test fully the fundamental quantum nature of the excited state dynamics? Can single molecule spectroscopy techniques provide new alternatives in this direction? Furthermore, environmental correlations whether in space or in time have been theoretically discussed as possible mechanisms under which oscillatory behaviour of exciton populations and coherences can be observed. The issue is not settled yet. Therefore a question of interest here is: what are unique signatures of each proposed mechanism for coherence-preservation? Measuring how good a particular dynamics is at distinguishing different initial photo-excitation conditions could help characterizing the environmental correlations involved.
Beyond a single complex. Individual antenna complexes are components of a large assembly forming the photosynthetic apparatus [1, 2] . In particular, the organization of the light-harvesting complexes and variations of such organization under different growth conditions in purple bacteria is now known [47] [48] [49] . An important question here is what is the benefit that the photosynthetic system as a whole will have if their individual components operate in a regime where coherence oscillations can last for some time? A computation of the quantum dynamics of an assembly of hundreds of complexes will be intractable and probably unnecessary. In reference [48] we have shown that in the photosynthetic apparatus of purple bacteria there may be minimal functional units that preserving the same ratio of LHI-RC to LH2 complexes as a larger membrane area, are capable of exhibiting the same transfer efficiency as the larger molecular assembly (other transport properties will of course depend strongly on the system's size). The quantum efficiency of the whole photosynthetic assembly is an emergent property i.e. it arises from the interaction of several complexes. Hence, our finding points out a possible minimal unit exhibiting such emergent behavior and could serve as a prototype of a large-enough aggregate to explore the biological relevance of coherence-assisted energy transfer.
